Abstract-Three-dimensional (3-D) maps of the nearside and polar regions of the Moon can be obtained with an Earth-based radar interferometer. This paper describes the theoretical background, experimental setup, and processing techniques for a sequence of observations performed with the Goldstone Solar System Radar in 1997. These data provide radar imagery and digital elevation models of the polar areas and other small regions at 100 m spatial and 50 m height resolutions. A geocoding procedure relying on the elevation measurements yields cartographically accurate products that are free of geometric distortions such as foreshortening.
I. INTRODUCTION

S
EVERAL problems in lunar science and comparative planetology cannot be addressed satisfactorily due to an incomplete knowledge of the topography of the Moon. The difficulties stem mostly from the lack of elevation data over the polar regions and the generally sparse coverage in nonequatorial areas. For instance, current models of global lunar topography [1] must rely on interpolation to fill in missing data at the poles, and this procedure may affect the determination of global shape parameters. The search for ice deposits in cold traps at the lunar poles [2] - [5] is also hampered by the lack of topographic maps in those regions. Finally, interplanet comparisons of impact cratering and the superficial processes that affect impact craters suffer from the lack of an adequate topographic data set for the Moon. While craters on Earth and Mars have been adequately sampled, the coverage for some key craters on the Moon is too sparse to allow detailed crater morphometry.
Spacecraft measurements of lunar topography include vertical metric photography as well as laser altimetry data acquired during Apollo missions 15, 16, and 17 [6] . These measurements were restricted to roughly 30 of latitude, and have absolute errors on the order of 500 m. Additional maps for nonequatorial regions are based on Orbiter IV and V stereo photography, with absolute errors of 500 m or more, depending on the quality of stereoscopic coverage. More recently, the Clementine spacecraft [7] carried a light detection and ranging (lidar) instrument, which was used as an altimeter [1] . The lidar returned valid data for latitudes between 79 S and 81 N, with an along-track spacing varying between a few km and a few tens of km. The across track spacing was roughly 2.7 in longitude or 80 km at the equator. Because the instrument was somewhat sensitive to detector noise and to solar background radiation, multiple returns were recorded for each laser pulse. An iterative filtering procedure selected 72 548 altimetry points for which the radial error is estimated at 130 m [1] . Detailed topographic maps of the lunar surface, including the polar regions, can be acquired with an Earth-based radar interferometer. The technique is similar to terrestrial topographic mapping from interferometric synthetic aperture radar (SAR) observations and was first described by Shapiro et al. [8] and Zisk [9] in 1972. Zisk obtained measurements of lunar topography with the Haystack-Westford radar systems and published results for the Alphonsus-Arzachel region [10] and the Crisium area [11] . The spatial resolution in those experiments was 1-2 km and the elevation accuracy on the order of 500 m. We use radar interferometry with modern instrumentation and processing techniques in order to provide accurate digital elevation models (DEM's) of the Moon with 100 m spatial and 50 m height resolutions. Since the original formulation of the technique for lunar mapping, radar interferometry has been applied to terrestrial remote sensing [12] and has been used with considerable success for a variety of geophysical applications [13] .
Our description of the basic concept underlying Earth-based radar interferometry closely follows the approach presented in Shapiro et al. [9] . Consider an Earth-based radar system and two receiving stations forming an interferometer. The distance between the two interferometer elements, the baseline , is assumed to be much smaller than the range to the planetary target under consideration. In a typical radar experiment, one records radar echoes in both amplitude and phase in order to extract information about the nature and location of the scattering surface. When a radar interferometer is available, additional information about the location of the reflection elements can be obtained. This comes about because incoming wavefronts have different arrival times at the two receiving antennas. The time delay depends on the orientation of the incident radiation and can be related to the interferometric phase [14] (i.e., the phase difference between the two radar echoes). For example, a phase change is recorded at the interferometer when the orientation of incoming radio waves changes by , where is the wavelength and is the baseline projected on the plane 0196-2892/00$10.00 © 2000 IEEE perpendicular to the line of sight. At the distance of the Moon, this angular difference corresponds to a fringe spacing given by (1) Topographic changes on the lunar surface can be related to a measurable interferometric phase because the location of reflection elements in the fringe pattern of the interferometer is elevation-dependent [8] . Height deviations parallel to the projected baseline produce phase changes at the interferometer in proportion to (2) hence (3) For typical fringe spacings ( 1 km), this formula shows that elevations can be measured with 50 m resolution provided that the interferometer phase can be determined to 20 .
II. IMAGING AND INTERFEROMETRY IN PLANETARY RADAR
A. Delay-Doppler Mapping
High spatial resolution in planetary radar imaging is obtained in much the same way as in terrestrial radar applications. The delay-Doppler algorithm, first suggested by Green [15] and first applied by Pettengill [16] , is equivalent to the range-Doppler algorithm, which preceded airborne SAR. Although planetary radar observations usually do not incorporate range cell migration corrections, focused algorithms were developed by Stacy [17] and Webb et al. [18] for high resolution imaging of the Moon.
The essence of delay-Doppler mapping is to isolate the backscattered signal from various resolution cells based on their distance (range) and line of sight velocity with respect to the observer. The radar observables are the roundtrip time delay and Doppler frequency shift, with the Doppler shift arising from orbital and rotational motions of the Earth and Moon. The amplitude of the Doppler shift can be expressed simply by defining the apparent rotation axis, a vector perpendicular to the line of sight, which represents the apparent angular velocity of the target as seen by the radar.
For convenience in describing the mapping geometry, we introduce a time-dependent coordinate system (i, j, k) with origin at the moon's center of mass, a modified version of that described in [8] . The unit vectors i and k are defined by the line of sight and the apparent rotation axis, respectively. Axis j completes the right-handed coordinate system.
As illustrated in Fig. 1 , the loci of points at a given time delay (range) from the radar are planes perpendicular to the line of sight direction . The loci of points with a constant Doppler frequency are planes parallel to the line of sight direction and to the apparent rotation axis . Analysis of the radar echoes in time delay and Doppler frequency therefore measures radar backscatter from different parts of a target.
In the case of a nearly spherical body such as the Moon, the delay and Doppler loci take the form of annuli, as shown in Fig. 1 . Two resolution cells on the surface have equivalent delay and Doppler values, such that their echo powers combine and are indistinguishable in a delay-Doppler map. This condition is called the "North-South ambiguity." When observing nearby objects, this problem can be alleviated by the selectivity offered by the antenna beam pattern. If one illuminates a region far from the Doppler equator, the contribution from associated points in the other hemisphere is negligible, provided that the antenna footprint is much smaller than the target diameter. For more distant celestial objects, the antenna beam may not resolve the two hemispheres, and another solution to the ambiguity problem must be found. For instance, Roger and Ingalls [19] used a radar interferometer in order to obtain unambiguous images of Venus. By analyzing the signals at both receive antennas, they were able to separate contributions from points on both hemispheres. Their use of an interferometer was not related to the measurement of elevations, but later extensions of the technique [20] , [21] did provide altitude contours.
The delay and Doppler values of a reflection element at position can be expressed with respect to the delay and Doppler values of the center of mass (COM). The difference in roundtrip delay is given by (4) where is the speed of light. If represents the apparent rotation axis of the Moon, the Doppler shift with respect to the COM is given by (5) We now present estimates of the spatial resolution that can be achieved with the delay-Doppler technique. Resolution in the range direction depends on the pulse duration. If the transmitted pulse can be compressed into a short pulse of length , the resolution along (the delay direction) is (6) This is the usual slant range resolution, with the corresponding ground resolution given by , where is the incidence angle.
Resolution in the Doppler dimension is achieved by spectral analysis of the returned echoes. The spectral resolution is given by the inverse of the time interval over which radar returns are collected. The resolution along the Doppler direction is therefore (7) The actual ground resolution is given by , where is the Doppler angle as defined in Fig. 1 .
B. Three-Dimensional (3-D) Mapping
Analysis of the radar echoes in time delay and Doppler frequency constrains the position of reflection elements in two dimensions. If a suitable interferometer is available, the location of surface elements along the third dimension (elevation) can be measured. The previous section showed that points with given delay and Doppler values lie at the intersection of two orthogonal planes. These delay-Doppler lines are parallel to the apparent rotation axis and are intersected by the fringe pattern of the interferometer, as shown in Fig. 2 . A measure of the interferometric phase (i.e., the phase difference recorded by the two receivers forming the interferometer), can therefore be used to determine the elevation of each delay-Doppler resolution cell. Fig. 2 shows an arbitrary reflection element located at . In the mapping procedure, one seeks estimates of the position (possibly expressed as a latitude and longitude) and elevation above a reference ellipsoid. We now outline how these quantities can be measured from the observables: delay , Doppler frequency , and interferometric phase .
Solving the problem is facilitated by the introduction of an imaginary point at position , with the same delay and Doppler values as the reflection element at position . This point is chosen to be at zero elevation, and its imaginary interferometric phase can therefore be computed from ephemeris data. The distance along the direction can be derived from the difference between the measured phase at position and the computed phase at position . This phase difference is shown to be equivalent to a fringe spacing for ease of drawing in Fig. 2 . The general relation is (8) where is the fringe spacing and is the angle between the projected baseline and the apparent rotation axis . Projection along the normal to the ellipsoid yields the height (9) In this last transformation, the required angular separation between the normal and direction is not known a priori. A very good estimate of the angle is given by the separation between and . This approximation is legitimate since topographic changes represent a very small fraction of the planetary radius, and is expected to be nearly aligned with . The approximation breaks down at low incidence angles in a region where radar imaging is avoided because of ambiguity difficulties.
The height above the sphere is assigned to the delayDoppler coordinates of the reflection element under consideration. Note that these delay and Doppler values are different from those of a zero-elevation point located at the same latitude and longitude, as illustrated in Fig. 2 . A coordinate transformation between delay-Doppler space and latitude-longitude space would therefore result in geometric distortions (e.g., foreshortening) if it did not take the topography into account.
The process of registering a radar map to a specific cartographic projection with due account for the elevation-induced distortions is called geocoding or rectification. The required corrections to the delay and Doppler values can be computed from a knowledge of the elevation . They parallel (4) and (5) (10) (11) These corrections can be implemented to produce digital elevation models and radar images, which are properly rectified and free of elevation-induced distortions.
A final note about the mapping procedure is in order. In the derivation of (8) and (9), we have assumed that the phase is a measure of the absolute path difference between a reflection element and the two receiving stations. In reality, this absolute value is unknown, and the actual phase measurements are offset from the true value by some arbitrary, constant amount . The conversion to heights therefore proceeds according to (12) All the quantities in this equation can be measured or computed with the exception of the phase offset . This parameter can be evaluated by comparing the radar data to surface control points of known absolute elevation.
III. OBSERVATIONAL PARAMETERS
A. Interferometer Configuration
The data were obtained at X-band ( 3.5 cm, MHz) with the antennas of the Deep Space Network (DSN) at Goldstone, CA. The 70 m parabolic dish (DSS-14) was used to transmit, and two or three 34-m antennas (DSS-13 / DSS-15 / DSS-25), separated by 10-20 km formed the receive interferometers. Equation (1) shows that such baselines result in fringe spacings on the order of 1 km. Antenna locations are shown in Fig. 3 .
B. Observing Times
As indicated by (8) , the best height resolution for a given precision in the phase measurements is obtained when the projected baseline of the interferometer is parallel to the apparent rotation axis ( 0). Observing times were selected in order to match this condition as closely as possible.
When mapping the lunar polar regions, viewing conditions also constrain the choice of adequate observing times. Since the spin axis of the Moon is inclined by 6.7 with respect to its orbital plane, an observer on Earth will view slightly different aspects of the Moon during the lunar cycle. These latitude librations can be quantified simply in terms of the motion of the subradar point (SRP) (i.e., the point closest to the radar on the lunar ellipsoid). Subradar point latitude variations are approximately sinusoidal with a period similar to the lunar cycle and an amplitude of 7 . The best Earth-based views of the lunar poles occur when this function reaches its extrema. In such a geometry, the radar rises above the horizon at the lunar poles. In comparison, the limb of the Sun never rises by more than 1.8 above the same horizon. Note that these viewing conditions imply extreme incidence angles ranging from 80 to essentially 90 . For this reason, Earth-based radar images of the lunar polar regions contain a significant fraction of radar shadow. Table I lists observing times for the North and South pole observations.
C. Data Coverage
Limits to the spatial extent of radar images were dictated by the field of view of the instrument. The beam pattern of the 70 m antenna, with a full width at half maximum of 1.8 arcminutes, defined 200 km footprints on the lunar surface. Near the limb of the Moon however, the antenna footprint takes an elongated shape, and the useful range extent can be substantially larger. When imaging the polar regions, coverage along the range dimension was typically 375 km and up to 450 km, but these upper bounds were set by data rate limitations rather than by beam considerations.
Our observations of the lunar polar regions were designed to obtain elevation maps down to latitudes of 70 , where the radar-derived topography can be linked to existing Clementine altimetry measurements [1] . This objective required assembling five individual maps into 1200 km wide mosaics of the polar regions. The precise arrangement of the pieces of the mosaic is shown in Fig. 4 .
D. Polarization
Transmitted waveforms were circularly polarized. The receivers were set to the opposite sense of circular polarization for DSS-15 and DSS-25, but both senses of circular polarization were recorded at DSS-13. Although single polarization measurements are sufficient for topographic mapping, dual polarization capability provides a valuable tool in the search for ice deposits, as icy bodies in the solar system exhibit unusual polarization properties [22] .
E. Sensitivity
As illustrated by (5), good range resolution implies the use of narrow pulses. This requirement potentially conflicts with high SNR for the radar echoes, because radar transmitters cannot supply arbitrary amounts of power in a short time. To circumvent this problem, we used the common technique of pulse compression, which allows us to transmit the energy contained in a long pulse while still achieving the resolution given by a short pulse.
The SNR for a pulsed waveform is (13) where peak transmitter power; transmitter antenna gain; distance to the Moon; surface backscatter cross section per unit surface area; area of the resolution cell; effective area of the receive antenna; Boltzmann's constant; sum of the receiver system temperature and the noise temperature contribution from the Moon; bandwidth of the receiving system; uncompressed pulse width; compressed pulse width; pulse repetition frequency; coherent processing interval. This is the usual radar equation [23] , modified to include the compression factor and the coherent processing of a number of pulses. Note that in this equation, and is the radar duty cycle (i.e., the ratio of pulse width to pulse repetition period).
An estimate of the SNR can be obtained with the parameters listed in Table II . For a -m resolution cell with a backscatter cross section of dB, the SNR is roughly 16 dB. The backscatter cross section of dB is the cross section of the Moon measured at 85 incidence angle and 3.8 cm wavelength [24] .
The requirements on sensitivity were driven by the desire to obtain adequate phase accuracy across the imaged areas. Interferometric phase estimates are corrupted by noise in the measurement of radar backscatter. The probability distribution of phase errors was computed by Vinokur [25] and approaches a Gaussian distribution with standard deviation for large values of the SNR. Our experiment was designed such that the SNR would remain sufficient to yield phase accuracies on the order of 10 , even past the 3 dB point of the primary beam (Fig. 4) . This dictated the use of fairly long (uncompressed) pulses in order to ensure high SNR.
The waveform parameters listed in Table II yield a set of reasonable values for interferometric topographic mapping of the Moon. The height resolution that can be expected on the basis of a 20 accuracy in the phase measurements and km-type fringe spacings is about 50 m, commensurate with the spatial resolution. SNR estimates indicate that such phase accuracies represent a realistic goal with the use of 2 ms pulse widths. Additionally, spatial resolutions of 75 m gives many resolution cells per fringe spacing, which allows one to track phase variations smoothly from one surface element to the next.
F. Resolution in Range and Frequency
Range discrimination was achieved by using binary phase code modulation [26] , in which the phase of the transmitted waveform alternates betweenaccording to a pseudo-random sequence (maximal-length shift register codes). The length of the sequence (code length) was 4095, and the time interval of each code element (baud length) was s, resulting in a range resolution of 75 m.
A total of 8192 pulses acquired over a period of s were processed coherently to yield a frequency resolution of Hz. This gives a cross-range resolution of 75 m, either by using (7) or by comparing the frequency resolution to the total Doppler broadening of the Moon . In this equation, is the 1738 km lunar radius, and the apparent rotation rate of the Moon is on the order of 10 rad s , resulting in a limb-to-limb bandwidth of 180 Hz at X-band.
G. Pulse Repetition Frequency
Imaging requirements placed tight constraints on the parameters of the transmitted waveform. The selection of the pulse repetition frequency was primarily dictated by the need to avoid range and frequency aliasing in the delay-Doppler map.
Range aliasing occurs when the pulse repetition frequency is so high that several pulses illuminate different parts of the scene at the same time. This ambiguity was avoided by making sure that successive pulses were separated by a duration greater than the roundtrip light-travel time corresponding to a lunar hemisphere (i.e., ms). Because delay-Doppler mapping requires spectral analysis of the radar echoes for cross-range resolution, frequency aliasing can occur if the Nyquist sampling criterion is not satisfied. A lower bound on the pulse repetition frequency was therefore given by the Doppler bandwidth of the illuminated area, which is on the order of 30 Hz. This represents the product of the total Doppler broadening of the Moon by the fraction of the lunar disk illuminated by the main lobe of the 70-m antenna.
The pulse repetition period , typically between 28-32 ms, was chosen as an integer multiple of the 2 ms pulse width. An additional constraint came from the requirement that radar echoes for the region of interest should return during the transmitter-off time. Since the range to the Moon changes continuously, a particular value of the pulse repetition period would remain adequate for a limited period of time, 1-2 h at the most.
Radar returns were recorded for roughly 5 ms periods interleaved with the transmitted pulses. The precise location of the data acquisition window in the pulse train was constantly adjusted by drifting clocks according to ephemeris information. Compensating for the Earth-Moon motion in such a way ensured that data records from separate pulses sampled the same region on the surface of the Moon.
H. Demodulation
Phase coherence was maintained throughout the system by using a single frequency standard. All local oscillators in the frequency converters were controlled by a master 5 MHz clock, which is part of the DSN's frequency and timing subsystem. Data from receiver stations were delivered to the DSS-14 control room using links with carriers at 50 MHz intermediate frequency (IF). Baseband conversion was accomplished with complex mixers that provided in-phase (I) and quadrature (Q) components. A 0.5 s matched filter was used before A/D conversion of the raw voltage samples.
I. Sampling Timebases
Separate PC-based data acquisition systems were used to record samples from the various receiving antennas. Each unit was individually clocked at a rate that was continuously updated based on precomputed ephemeris polynomials. The different nonuniform timebases were required because the Earth-Moon motion affects the length of the pulse and the pulse repetition period in the returned echo. This effect depends on the relative target-receiver velocity, and hence antenna location. In order to keep the sampling in step for all receiving stations, data were sampled with separately drifted clocks.
J. Differential Delay and Doppler Corrections
Similarly, antenna-specific time delays and Doppler shifts were applied to ensure that echoes from the center point of the illumination would register at a unique position in delayDoppler space, irrespective of antenna location. The differential Doppler corrections were read from precomputed ephemeris polynomials and applied via programmable local oscillators. Differential delay values were incorporated into the system that provided drifted sampling clocks. The latter system also accounted for different propagation times from each receiver to the DSS-14 control room, (i.e., differential link delays).
In practice, the bulk of these corrections were applied upon transmission, so that the received waveform at one antenna was sampled without any modifications. The transmitted frequency was continuously adjusted to force the received passband at the master receiving antenna to be centered at exactly 8510 MHz. Timebase drifting was also applied on transmission so that a uniform 0.5 s sampling interval could be used at the master receiving antenna. Other receiving antennas were corrected for the differential effects in delay, Doppler, and sampling times.
IV. PROCESSING TECHNIQUES
A. Image Formation
Conventional delay-Doppler mapping [27] involves a range (delay) compression step followed by a cross-range (Doppler) compression operation.
Processing in range relied on the fact that binary phase-coded waveforms have very sharply peaked autocorrelation functions [26] . Range compression consisted in correlating each data record with a replica of the transmitted code. This operation, known as "decoding," was performed with Fourier transform techniques, as described in [17] . Because the autocorrelation function of the 4095 code has sidelobe levels at 34 dB of the peak, and the lunar backscattering function at X-band extends over 30 dB [24] , range sidelobes from bright regions are sometimes visible in the imagery.
Resolution in the across-range (Doppler) dimension was achieved by spectral analysis of consecutive radar returns. This was implemented as a fast Fourier transform (FFT) on 2 consecutive samples for each range value. The resulting two-dimensional (2-D) array of complex numbers formed the required delay-Doppler image. Complex images were formed independently for each receiving antenna.
The conventional delay-Doppler mapping technique works well, as long as individual resolution cells do not migrate appreciably in delay-Doppler space during data collection. If range or frequency migration is significant (compared to the size of a resolution cell), the delay-Doppler image will exhibit some blurring, in which case, focused algorithms [17] , [18] can be used to improve image quality. For interferometric applications, defocusing also causes decorrelation of the image pair and a degradation of the phase measurements.
In most planetary radar imaging scenarios, one arranges for the image center to appear at zero delay and Doppler. This is accomplished by tracking the trajectory of a designated center point through delay-Doppler space and by removing its delayDoppler time history from the entire data set. Therefore, the central region of a delay-Doppler map is usually well focused, with cell migration effects most noticeable near the image boundaries. Indeed, the criterion for deciding on the usefulness of a focused algorithm is based on a measure of the defocusing expected at the map edges.
For the Goldstone lunar observations, the region of interest within each map was never more than 150 km away from the image center point. The ensuing maximum cell migration was only a fraction of the resolution cell size, which suggests that conventional delay-Doppler mapping techniques were adequate.
B. Image Coregistration
Interferometric phase measurements require very precise alignment of the interferometric image pair. Resampling operations were performed to ensure that images obtained at different receiving stations would properly register to one another. The amplitude of the required pixel shifts were found by implementing the algorithm described in Gabriel and Goldstein [28] .
This method relies on the idea that interference fringes have the highest quality when the images are correctly aligned. The technique consists of iteratively shifting one image with respect to the other and obtaining a 2-D Fourier transform of the interference pattern at each iteration. The fractional pixel shifts that result in power spectra with sharply defined peaks are the best candidates for large fringe visibility, and hence, properly registered images.
In reality, the search is carried out at many subimage patches across the image, in order to capture variations in the required pixel offsets. The line and sample pixel offsets are then fitted with a polynomial that provides adequate pixel shifts across the entire image for the resampling operation.
C. Interferogram Formation
After proper registration of image pairs, their complex product was obtained pixel by pixel, and this provides an estimate of the interferometric phase at each resolution cell. Modest filtering of the interferogram was used in order to reduce phase noise. As pointed out by Goldstein et al. [29] , the selection of filter weights must take into account the existing fringe pattern present in the image. A simple low-pass filter cannot be applied, as it would smear out the phase information and reduce the quality of the fringes.
At this stage of the processing, the phase function contains two distinct components: a large contribution due to the curvature of the lunar surface, and a smaller contribution due to local topographic variations superimposed on that surface. Since only the latter is of interest, we removed the phase component due to a reference surface from the interferogram. This operation of interferogram flattening was accomplished by computing the expected interferometric phase of a reference ellipsoid at every pixel location, and by applying the corresponding phase rotation. Residual phases represent topographic variations with respect to the chosen reference ellipsoid, in this case, a sphere of radius 1738 km.
D. Phase Unwrapping
Because lunar height variations exceed the km-type fringe spacing available in our experiments, several phase cycles are required to record the full range of topographic expression. However, an interferometer can only measure phases modulo , and this results in an ambiguity in the height determination. A variety of phase unwrapping techniques exist to circumvent this problem. These algorithms track phase deviations over the image and add multiples of as necessary to preserve continuity. We used the well-known method of Goldstein et al. [29] to unwrap phases from their representation into a continuous phase function spanning several cycles. This algorithm and other phase unwrapping techniques are extensively reviewed elsewhere [30] .
Because radar maps of the lunar poles were acquired at extreme incidence angles, the images contain a significant fraction of radar shadow, where meaningful phase estimates cannot be obtained. The digital elevation models in those areas are therefore incomplete. In regions of poor coherence, unwrapping algorithms may fail. Error recognition is usually straightforward, and we compared data from two independent baselines whenever feasible to locate and extract problematic areas.
E. Phase to Height Conversion
Conversion of the unwrapped phases into meaningful topographic variations required a position-dependent scaling operation. This was performed according to (8) and (9) .
Absolute heights with respect to the reference sphere were obtained by removing a constant phase offset over the entire map. This offset affects the calculation of elevations through the second term in (12) . The amplitude of the required shift was obtained by tying the radar-derived heights to all available Clementine laser altimetry points [1] located in the unshadowed areas, except for obvious outliers.
F. Geocoding
Cartographic projections of the radar maps were obtained by computing the mapping between delay-Doppler coordinates and latitude-longitude coordinates. Since this mapping is affected by topography as indicated in Section II-B, we computed elevationdependent corrections prior to resampling the data whenever a complete digital elevation model was available. Equations (10) and (11) were then used to provide the required corrections. This geocoding operation was applied to both the imagery and the elevation data.
G. Slope Removal
Comparison of our digital elevation models with Clementine altimetry points revealed that small residual slopes are present in the radar data. The slopes typically have an amplitude of 0.07 and occur mostly along the range direction. Their origin is unknown. A large-scale slope was removed from the radar DEM's to provide the best match with Clementine altimetry points. In the polar regions, where control points are available only along one edge of the imaged area, the errors on absolute heights could arguably become as large as the product of the slope and the range extent (i.e., 200 m).
V. RESULTS
A. Tycho Crater
The 85-km diameter crater Tycho (43 S, 349 E), the youngest large crater on the Moon, was imaged on October 19, 1997. A 200 200-km delay-Doppler image of the Tycho region is shown in Fig. 5(a) . Radar illumination is from the top of the image, as evidenced by the stronger radar return of the radar-facing inner wall of Tycho.
A map of the interferometric phase for the same area is shown in Fig. 5(b) . The figure illustrates residual phase deviations obtained after removal of the phase due to a reference 1738 km radius sphere. In this interferogram, the fringe phase of each resolution element was color coded, and the amplitude of the radar backscatter was used to modulate the brightness of each pixel. Flat areas stand out as they exhibit a uniform phase.
Mercator projections of the radar backscatter and elevation data are displayed in Fig. 6(a) and (b) , respectively. Note that typical distortions present in radar imagery (such as foreshortened slopes and asymmetry in the crater shape) have been effectively removed by the rectification process described earlier. Correcting geometric distortions shifted the position of elevated features away from the observer, since those features are closer in range than equivalent points at zero elevation. Similarly, pixels with negative elevations were displaced toward the observer so that they would not masquerade as distant features in the projected image. The largest corrections occurred for the deep floor of Tycho, which was translated by 3 km, compared to its position in the raw radar image.
The digital elevation model shown in Fig. 6 (b) was obtained by using two antennas separated by 10 km, such that a 360 phase change at the interferometer determines elevation differences of 1290 m. A separate elevation map (not shown) was constructed independently by using a different combination of receive antennas with a full phase cycle corresponding to a spacing of 675 m.
Resolution estimates for the elevation data can be obtained from (2) . The expected accuracy in interferometric phase measurements , which depends on the SNR as described earlier, is roughly -. The corresponding height resolution is on the order of 30 m. We verified that this resolution had indeed been achieved in two different ways. First, we examined heights over presumably flat areas such as crater floors, and obtained rms deviations of roughly 30 m. This tends to indicate that the height resolution is better than 30 m, as a fraction of this value is certainly due to real topography. Second, we compared two elevation maps over the entire 40 000 km scene and found that the rms deviations between them was 45 m. As the maps were obtained independently of each other, this value again argues for individual height resolutions on the order of 30 m for each map.
A comparison of the radar-derived topography data around Tycho with 87 existing lidar altimetry points from the Clementine mission [1] is shown in Fig. 7 . The rms deviations between the two data sets is 90 m. Although not a comparison of completely independent points due to the phase tie described in Section IV-E, this rms measure is a good indicator of the agreement between the two techniques. Detailed analysis of the topography in this region reveals that the worst case discrepancy of 600 m is clearly associated with an erroneous laser altimetry measurement. Two additional suspicious lidar data points differ from both radar topographic maps by 300 m in elevation.
The radar DEM's represent significant improvements in the description of the topography of the Tycho region in terms of both accuracy and resolution. This provides unprecedented potential for geological interpretations of the crater. For instance, the suggestion [31] that the crater may have resulted from an oblique impact bears on properties that can be directly quantified from the radar map. These features include asymmetries in the crater shape, such as central peak offset, differences in the width of the wall slump zone, and rim height variations. Another diagnostic feature is the increased flow debris over some parts of the crater floor, which is readily observed on the radar DEM by a measurable dichotomy in floor elevations. Further analysis of the Tycho DEM is provided in [32] .
B. Polar Regions
An important objective of our observations was to map the lunar polar areas. The topography in those regions was essentially unknown, since the Clementine laser altimetry data set did not cover latitudes poleward of 80 [1] . However, elevation maps of the lunar polar regions were needed for several studies, including those related to the possible presence of frozen volatiles in regions of permanent shadow. Using an Earth-based radar also offered the ability to map many regions that appeared in shadow on optical images [7] .
Topographic maps of the lunar polar regions, shown in Figs. 8 and 9, were obtained at a spatial resolution of 150 m and a height resolution of 50 m via Earth-based radar interferometry. The viewing geometry at the time of our observations was such that the radar line of sight rose 6-7 above the horizon at the lunar poles, close to the maximum allowed by the Earth-Moon geometry. At these angles, a fraction of the lunar landscape in the field of view was not illuminated by the radar due to shadowing effects. It was not possible to determine the altitudes of those areas of radar shadow.
The north polar area displays relatively little topographic expression, while the south polar region presents much more rugged terrain. The range of elevations characterizing the south pole region is roughly 2.5 times that at the north. This may be related to the south polar region being near the rim of the South Pole/Aitken basin, a 2500 km diameter impact structure on the lunar far side.
The digital elevation models were used to simulate solar illumination conditions over the polar regions and to identify the lunar cold traps, possible reservoirs of ice deposits [33] . The simulations showed that the fraction of sun-shadowed regions is significantly higher at the south pole. This finding presents a potential inconsistency with data from the Lunar Prospector spacecraft [5] , which detected larger amounts of hydrogen, a tracer for water ice, at the north pole.
VI. CONCLUSIONS
Earth-based radar interferometry is a powerful technique for the measurement of lunar topography. The technique can produce geometrically rectified maps at spatial resolutions of 100 m and height resolutions on the order of 50 m. Absolute elevation levels with respect to a reference ellipsoid can be obtained by comparing the heights with existing ground control points. The radar digital elevation models represent significant improvements over existing topographic data sets for many parts of the Moon and provide an important tool for geological interpretation. With a few hours of antenna time, the Goldstone Solar System Radar provided the first detailed topographic maps of the lunar polar areas and an accurate digital elevation model of the Tycho region.
